In this paper we consider continuity properties of a stochastic heat equation of the form &(f,x)/lZt = a2u(t,x),/3x2 +f(u(t..x))W,,,.
Introduction
Let W be a space-time white noise on a probability space (Q, 3, P). Let ( 3,) be a fitration such that W,,, is adapted and such that if A c [t, CC ) x R, then W(A) is independent of .FC. We want to consider the following version of the stochastic heat equation:
?u (t, x) Fu(t, (1.1)
We assume that u. is PO-measurable and that E[~,(x)~] is bounded. The function ,fmust satisfy a uniform Lipschitz condition, so that there exist a constant M s.t.
case where the space dimension is one. In this case the heat equation admits solutions that are functions in the usual sense. An equation almost identical to (1.1) in behaviour is studied by Walsh (1986) ; see also Dawson (1975) . Our construction follows major parts of the construction in Walsh (1986) the only difference being that we proceed further to prove a stronger result. The discussion in Walsh (1986) is already rather technical, and proofs become quite involved when additional effects are to be taken into account. Because of the singularity of the white noise, we can only pose the problem in the Schwartz distribution sense: We say that a function u(t, x) is a solution of (1.1) if u(t, x)
is .Ft-adapted and for any 4 E V"(R) of compact support such that 4'(O) = 4'(i) = 0, we have Walsh (1986) has proved that u(t,x) is a solution of (1.1) if and only if it solves the following integral equation:
is the Neumann heat kernel on [0, 11. Assume that the coefficient fis bounded and that it satisfies a Lipschitz condition:
(1.5) Walsh (1986) has shown that (1.4) has a unique solution u(t,x) which is a diffusion taking values in C[O, 11. The purpose of this paper is to prove that solutions of the stochastic heat equation, regarded as diffusions taking values on C[O, 11, depend continuously on the coefficients. The proof is split into two parts. In Section 2 we prove some lemmas to be used in the main proof. The final theorem is then stated and proved in Section 3.
Some basic lemmas and preparations
Letf,(x) be a sequence of uniform Lipschitz functions on R and let u, (t,x) denote the solutions of the stochastic heat equations: 
(2.4) 0 0 If p > 6, then 2p/(p -2) < 3. This implies, using Burkholder's inequality. see. e.g. Karatzas and Shreve (1991) and the Hiilder inequality, that for p > 6, t < T:
We have used that JfoJL G;'_,(x, y)dyds < co if r < 3, see Lemma 2.4. Note that we allow the constant C to change value from line to line so long as the new value does not depend on n. We now get
We apply the Gronwall inequality to get
For2<p<3,wehavefortdT,O<h,<l
For any fixed N > 0, it follows from Walsh (1986, p. 319 We only need to estimate II,. Without loss of generality, we can assume that N > 3.
Observe that if0 d h < 1, i, > 0, then eRh -I < iVhe'h < he'e" < he2i. Using this fact. + Jks ;<s*, exp i
Remark. We have used that if 0 < s < T, then This type of argument will be used several times in the following without comments. We now combine (2.12) with (2.11) to complete the proof of the lemma. 0 Now choose CI > 0 so small that up < f and use that 1 -eh d h. Then we see that For the second term in (2.18), we have (2.24)
Here we have used that 2 < p < 3. This completes the proof of the lemma. 0
Proof. This follows directly by the fact Remark. This theorem shows that the solutions of these SPDEs, regarded as diffusions taking values on the Banach space B, depend continuously on the corresponding coefficients.
We will split the proof of this theorem into several lemmas. We put
The method of proof we use in the following two lemmas, is similar to the method used for the proof of Corollary 3.4 by Walsh (1986) . -' (3.3) where Rn = sup* If(x) -fn (x)1, GZrn = sup,,), E CI%&Y) -u(s,~)l~"l.
Lemma 3.2. For m > 3, t < T, we have
E[I~n(f,x + h) -1?,(t,x)12m] ,< cT,2&$,,2m + R,)h"
Proof. From the definition it follows that
u&,x + h) -u,(t,x) -fn(un(s>~))) (C,(x + h,y) -G,-,(x,y) )W(dy>ds). In the third to the last step we used Lemma 2. E [l(ii,,(t + k,x + k) -ii,(t,x + k) ) - (u,,(t + k,.y) -u,,(t.~) 
Thus, (3.9) is a direct consequence of Lemmas 3.2 and 3.3. !J
To prove the main theorem. we need to introduce the following Banach spaces: Let x :, 0. 2mx > 1: (3.11) (3.12)
It is known, see Sugita (1988) 
